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SUMMARY

Several explicit schemes are presented for triangular P, and P; finite elements. A first-order accurate
upwind P, scheme is compared to a FLIC type method. A second-order accurate Richtmyer scheme is
constructed. Applications are given for the Euler system of conservation laws in the 2-dimensional
case.
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INTRODUCTION

In this paper we are dealing with finite element simulation of perfect fluid flows. The choice
of finite element methods is interesting because it provides facilities in mesh generation
around complex geometries. The flexibility and reliability of such an approach has now been
proved by transonic simulations with a finite element full potential model.!

Some explicit and low-order (first and second) accurate unsteady methods are presented
here to solve the Euler equations.

For the first-order case, P, approximations (constant by triangles) have been experimented
with; the comparison between the number of degrees of freedom and the cost of computa-
tion is particularly favourable to this choice. Unfortunately, a general stability analysis seems
non-trivial.

For the second order case, a P; (continuous, linear by triangles) approximation is used to
construct a two-dimensional two-step Richtmyer scheme. Linear stability is studied in the
scalar case by the energy approach.

UPWIND METHOD FOR F.EM.
The equations

The basic equations for two-dimensional inviscid compressible flows are described as foliows:

aW o d
—+—F(W)+— G(W)=0 1
ot o (W) 3y (W) (1)
where
4 pu pv
2
+
w=|), Fw={"TP)  cw=| °F (2a)
pv puv pv°+p
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and
p=0-4[e —3p(u’+v%)] (2b)

p is the density, p is the pressure, e is the total energy, u and v are the components of the
velocity V.
We may write (1) and (2a) as

w 0
22+ div [H(W)V] = - F,(W) - — G,(W) 3)
ot ax dy
where
p 0 0
0
gHw=| ™| Ewm-=?} cw-= )
pv 0 p
e+p 0 0

Definition of the scheme

As usual we consider a triangulation J,, of a polygon (), which approximates the domain
) of integration of (1) (see for example Reference 2). From 7, we derive a space V; of
functions which are constant on each triangle; the set {mr}; g, is a basis of V}:

1 ifxeT
mil={ )

0 elsewhere
Multiplying (3) by w1 and integrating by parts we get, for each triangle T
oW
JL —dxdy+j H(W)V.ndo = —J [Fy(W)n, + G{(W)n,]1do 6)
at oT 8T
where 0T and m=(n, n,) denote, respectively, the boundary of the element T and the

(outward pointing) normal vector.
Using the P, discretization we get

W H(T) = WH(T)— areit(T) Z,{[XSK(W"(’R;')) +(1 - xPKW™(T)]

Fi(W™(Ty)) + F,(W™(T))

X Vi.n" length (c;)+ 5

n¥T length (c;)

. Gl<W"<Ti,-))2+ GWID) ir 1ength (cij)} 72

where the superscript n indicates the time level t=n At (At is the time increment), the

sum Y’ is taken over the three sides ¢; of T, T; denotes the neighbouring triangle of T along

the side ¢;, n%" = (nT, n¥7) is the normal vector to side c; outward from T, and
xi=1 if Vi, a%T <0}

(7b)
=0 otherwise

The upwinding coefficient xj; indicates the element which, between T and T is upstream.

Wall (or profile) boundary conditions are simply implemented by computing boundary
fluxes with only the pressure terms (using the vanishing of normal velocity); consistent P,
interpolation is used for the pressure boundary values.
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Inflow and outflow boundary conditions are taken into account by imposing all the values
at infinity to variables along the boundaries; because of the upwinding, this means that the
complete set of four conditions are imposed at inflow, and only the pressure at outflow.

Numerical results

The test presented is the calculation of the steady-state of a channel transonic flow past a
circular bump: we chose a test problem proposed at the GAMM workshop held in 1979 at
Stockholm;” this problem has also been tested by Borrel and Morice;* the bump is a 4-2 per
cent thick circular arc with length 1, and the canal is of height 2-:073. Free stream values
correspond to a Mach number of 0-85.

For consistency with the GAMM test, we use a triangulation with 72 x 21 vertices, which
gives 2840 triangles (= degrees of freedom); see Figure 1.
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Figure 1. GAMM triangulation: 72 x 21 vertices

Consistent (not local) time stepping is used, without any artificial damping, to obtain the
steady state; convergence is measured from root mean square value of dp/at.

With our method, after 5600 iterations corresponding to time T = 11:6s, we have a root
mean square value of dp/dt, RMS dp/at == 0-38 x 10~ (Figures 2-4). For the Flic simulation

Figure 2. GAMM channel with circular bump; isomach lines. (one step upwind method)
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Figure 3. GAMM channel with circular bump; entropy distribution on the bottom (one step upwind method)

described in References 5 and 6, 5600 iterations, T=11-5s correspond to RMS 9dp/at =
0:6 x 1072, We observed also that our upwind method is slightly cheaper for each iteration
than the Flic method. Our scheme converges in a better manner than the Flic method, but,
the results suggest that (Figure 12) the Flic scheme is less diffusive.

Some P, variant (Vijayasundaram; unpublished work) of the scheme has been proved to
be as expensive with the same number of triangles and much more diffusive.

Figure 4. GAMM channel with circular bump; isentropic lines (increment AS = 0-001) (one step upwind method)

A RICHTMYER SCHEME

The scalar linear case

Presentation of the scheme. We want to solve the following system

%% %% ow
—+V,—+V,—=0inR?
at ox ay (8)
W(x, 0) = wo(x)
where V:==(V,, V,) is a constant given velocity.
A classical explicit second-order two-level time discretization is the following

Wt (x) = WH(x) - At(V, Wi+ V, WD)
2

At
5 [Vi(Vi(W3+ VWD), + Vo (VWL + V, W), ] 9)

Let ¥ be a set of strictly positive parameters with zero in its closure and let (J},),.4 be a
family of triangulations such that h is the length of the largest segment of J,. We consider
the following spaces

H, ={ve L*[R?; v is continuous; v is linear on every triangle T of 7,}
V,.={ve H, NH'R>}
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Then a Galerkin-type variational P; space discretization of (9) is

WirtleV,, and VveV,
oWy 6W
Jj(W"” Whv dx dy = —AtIJ (Vl By h) dx dy

Alz jj ( BW,, 8Wh)( av av)
+— V, + V. Vi—+V,—}dxd
2 Yax 7 ay Tox | 2ay) Y

(10

where the sums f are taken on R>.

Since the consistent mass matrix of this discretization is not diagonal, system (10) is
expensive to solve in a bounded domain (and impossible to solve in this R? case). Following,
among others, Ushijima’ and Baba and Tabata,® we construct the mass-lumped variant of
(10) by introducing the following notations (h is fixed):

(i) For any vertex A of J,, the integration zone A is defined by dividing the neighbouring
triangles into six subtriangles with median lines; then the integration zone A is the union of
those subtriangles which have A as a vertex (Figure 5).

(i) S, is the approximation space of functions which are constant on each A:

={v e L*[R?), v|4 =constant, VA vertex of 7,}

(iti)y &, is the trivial projection from H, to S,:

VYve H, Fve8S; and } (11)
Fov|s =v(A), VA vertex of 7.
Then the mass-lumped variant is
WitteV,, and VYveV, 3
IISP (Wt - WH%Fev dx dy
\ (12)

= ~Atjjv(Vl 8_&4_ V, @."Xﬂ) dx dy
ax ay

At? J' J'( awp aW,';)( D) av)
+— V,—+V. —+V,—]dxd
2 boax 2 oy Vlax Vzay X &y

8 SoK\ B

‘////
////////\

J

Figure 5. Construction of an integration zoneA around a vertex A
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From the classical results of finite element methods, the right-hand side ts second-order
accurate; because of the mass-lumping, the left-hand side is only first-order accurate, except
for very special regular meshes; see Reference 7 for a discussion of this point in a parabolic
context.

However, for nearly or strictly steady simulations (such as transonic ones), the weaker
accuracy of the time derivative approximation has less importance.

Let us study the stability of the scheme.

Fourier analysis. For such an analysis, we consider the regular mesh 9, defined as follows:
‘Seven point’ mesh: for (i, j)€ 7>, the triangles of I, are generated by (Ax = h/v2):

{[i Ax, j Ax],[G+1) Ax, (j+1) Ax], [(i +1) Ax, j Ax]}
and
{li Ax, j Ax), [i Ax, G+ D) Ax), [(i+1) Ax, (j+1) Ax]}

To this triangulation corresponds a seven point approximation (with a seven point cluster)
which belongs to the finite difference family described by Lerat ([Reference 9, p. 71); by a
numerical computation of the extrema of the corresponding amplification factor, we get the
domain of stability described in Figure 6, the boundary of which intersects the hexagon at
points (0-5,0-5) and segments {—1=x=<-0-481, ...,y =1} and symmetric variants.

Such a diagram leads to the Courant condition

At 1
V ————
VI 5= 7 (13a)
but a more general interpretation could be
At
V| —=1
VI 5 (130)

where Al is the smallest altitude from a given vertex in a neighbouring triangle (‘local’
Courant condition).

For a non-regular triangulation, {13b) is only a necessary condition; to obtain a sufficient
one, we shall use an energy argument.

Energy analysis. We shall establish an a priori L? estimate for the solution (W"),
uniformly with respect to the space increment h; for this purpose, we need some uniform
assumptions concerning the triangulations:

Figure 6. Fourier stability analysis of the ‘seven point’ finite difference variant
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The family (7},) of triangulation, h taking all the values in %, is assumed to satisfy

JK >0 such that Yhe #, VT e T,
the radii R(T) and r(T) of respectively circumscribed (14)
and inscribed circles for T satisfy

r(T) >£— , R(D/r(T)<K

AK’' >0 such that Yhe #, VT, and T_
belonging to 7, and having exactly one common
side, we have (15)
area (T,)—area (T.)
area (T,)

=K'h

Assumption (14) contains a very classical consistency one but seems not enough for
stability; assumption (15) is quite restrictive as we shall see with the following example: we
consider the above regular family (4,) and the following mapping

Y :Rz'—)Rz 'Y(x’ Y) = (f(x)a Y)

£) {x if x=0
x =
2x if x=0

then (7,,) = (v[9:.]) is a family of triangulations with the sides of the triangles suffering some
discontinuous variation; (7, ) does not satisfy (15) (while (J;,) does).

Proposition. Under assumptions (14), (15), for a discrete initial-condition bounded as
follows

‘“‘ [ FoWih2 dx dy = N<+o
and for a bounded time interval {0, T), there exist two real positive constants K{(K', N) and
K,(K', N, T,|V|) such that for any h in ¥, any At satisfying the Courant-type condition
IVl At < K, X smallest length of T, (16)

and for any positive integer n satisfying n At<T, we have
[[1gawrraxay=<x, a”

Proof. Subscripts h are omitted; we start from (12) with v = W"*! and use the identity
(b—a)b=4[b?>—a*+(b—a)?], together with the notation

ow" aw"
z= At(V1 —+V, )
ax ay

thus we obtain

0=1 j' P W2 dx dy~-;- ” \F W2 dx dy +% ” LW — LW dx dy

+J (Wrtl—- W™z dx dy+J.JW"z dx dy

( 1
4 Iz At(vli+ v, —a—)(w"ﬂ— W) dx dy += ” 22dx dy
J ax ay 2
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Here we note that the fifth term vanishes; using the fact that medians cut a triangle into six
subtriangles with equal areas, we may write the fourth term as follows

jj(W"”— WYz dxdy = IIF/MW"”— W)z dx dy

introducing the notation § = W"*' - W™, we get

JJIS/’OW“”P dx dy - IJL%W"I" dx dy = —szz dx dy—jjf)z dx dy —ZJJZO dxdy-—1I
(18a)
with

a0 a0
=1lA (V —+ V. ——) d 1
I “‘ tz 1 T V2 dx dy (18b)

First step: computation of spatial derivatives. We need the following additional notations:
(i) For two vertices i and j of a triangle T we denote by

o7 =(n}T, ni")
the normal vector to the side ¢; outward from T, and
vl =length (c;) Al(Vin# T+ V,niT)

(ii) Furthermore, if k is either vertex i or vertex j, the notation D%, denotes the
subtriangle of T limited by two medians of T and half of the side c; which has k as a
vertex (Figure 7).

Then we may introduce the following function

a:RP->R

v

iy .3
VD” N i = at=——
Tk alD“ ar 2 area (T)

and the following relations are easy to verify:
Lemma. (i) For any side c; of J,, we have
vi=0 (19)
T=T and TY

where the sum is taken over the two triangles having c; as a side.

D Triangle T
/A 0%,
N

Figure 7
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(i1) For any triangle T of 9, we have
Z vi=0 (20)

where the sum is taken over the three sides c; of triangle T.
(iii) We have
I= 2][201900 dxdy O 21)

Second step. Courant condition. We need now the following condition, which defines K,:
Sup lal<1 (22)

It is interesting to compare with conditions (13a) and (13b) with the seven point regular
mesh; (22) might be roughly interpreted as

At 1
VL =375

which is three times more severe than (13a), but if we denote by Al% the length of the
altitude of T passing by the opposite vertex to ¢, then (22) becomes

AtV .7 2
AL 3 @3
which, for the seven point case gives
Vi At _v2
.——-—.S_
Ax 3 24)

However (23) is more interesting with non-regular triangulations, especially if we intend to
use some local time stepping. O

Now, the proof in the sequel will be strongly simplified if we reinforce condition (22) as
follows

la|<1-¢ ae. inR? 22)
where € is an arbitrary small positive constant.

Orientation. From (22) we get 1+a =[v(1+a)P, and using (21) we have

II[S’OW"”IZ dx dy- II[.%W"F dxdy=- jjl900l2 dx dy- Ijlzlz dxdy-S,-S, (25a)
with
S, = 2”\/(1 +a)zoV(1+a)Fo0 dx dy
(25b)
sz=2IIJ(1+a)z(1—v)¢(l+a)yoo dx dy

where v is a function to be defined in such a manner that (25) is presented as a perturbation
of the regular mesh case: the first three terms of the right hand sum represent the regular
mesh case: in this case the right-hand side is negative and then the norm ff |$,W"|* dx dy is
non-increasing with index n, yielding a very strong stability result.

The fourth term S, is a remainder to be estimated to yield a (less strong) stability
statement for the general case.
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Third step: study of the regular part S,. By the Cauchy-Schwarz inequality we get

1Sl = Ij(l +a)z?dx dy+ Ijvz(l + ) |61 dx dy

The first term is casily computed, noting that the function z is constant on each triangle:

IJ(1+a)szx dy= 2 22(’[‘)%‘;(_7‘) [3*2'0‘5{']

TeT, Cij

= szzdx dy

here the sum }' is taken over the three sides ¢; of the triangle T and we used (20).

Let us consider the second term: we note that ¥,6 is constant on each integration zone A

(A =vertex); therefore the following decomposition is allowed:

ijz(l+a)|900|2 dx dy=Z{Ij (1+a)v? |¥,0>dx dy
G Dy, UD”?_ K

+JI (1+ a)v?|FH0)* dx dy}
D} ,UDY_,

where the sum is taken over all the sides ¢; of triangulation J,,; T, and T_ denote the two
triangles having ¢; as side. In each of the two integrals of the right hand, ¥,8 is constant, so
that a simplification using (19) will be possible if v is chosen to be equal to the function which

satisfies the following equality:

ijz(l +a)|F0*dx dy = jj|909|2 dx dy

Summing up, the estimate for S, is

1S, = szz dxdy+ IIW’OOF dx dy

and (25a) becomes
III?OW"+‘|2 dx dy - jj|9’0W”|2 dx dy <|8,|

Fourth step: study of the remainder S,. From (25b) we have (using |a|=<1)
1S5l =22zl 1%e6] sup lov/(1+ @) - (1 + a)
The following estimate is trivial
Lol =<lIFo W™ |+ | Fo Wl

and since z is a linear combination of derivatives of W", we obtain

6
2P =S IW R IVIE Ar?

(26)

(27)

(28)

then it remains to estimate the last factor of (28); now, using (22), (22'), (15) and (26), we see

after some easy calculations that

Sup vV +a)-J(1+a)|= (1 +§)K’h
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So
521 =26(1+5 ) V) AR s W+, Wl 9

Fifth step: end of the proof and remarks. From (27) and (29), we have
1o W2 = (| W[ < At const (K7, VDI Lo W™ |+ | Fo W™I]
from which we derive the strong stability in the sense of Richtmyer and Morton:'®
|Lo W Y| <[1+const (K', [V]) At]|| Lo W™

=<exp [n At const (K, [[VID1|Fo WO
and thus we get (17). O

Remark 1. In accordance with Lax’s equivalence principle, since both the continuous
equations and the discrete scheme are linear, convergence and error estimates can be derived
from the above stability study (replacing W" by the truncature error) and from the
consistency assumption (14).

Remark 2. Such explicit finite element stability analysis seems quite rare in the published
papers; see however Desgraz and Lascaux’s work'! for a quadrilateral element.

Extension to non-linear systems

The extension to systems is done by a two-step process of Richtmyer type; a choice is
made between non-linearly different variants; boundary conditions will be treated either with
boundary integrals, or via a different scheme.

The system to be solved is written as

W, + F(W), + G(W), = 0}

+boundary conditions
where W(x, y;t) is a vector of R%

A natural adaptation of Richtmyer’s method is to consider a P, (constant by triangle)
predictor; similarly to Section 1, we use a control volume formulation for this Lax-
Friedrichs’ type first step.

According to Lerat and Peyret’s study,'? it is interesting to introduce the length of the first
step as a parameter. Then the scheme is the following:

(30)

Step 1: predictor
VTeT,, andfor k=1,2,...d

- (31a)
W (T) = area (T) {J‘L Widxdy—«a AtJ;T [E.(WMn, + G (W™)n,] da}
Step 2: Corrector
eV, and Vée(Vy)Y, Vk=1,2,...,d )
[f Mo axay= [ {Bl[Fk(Wﬂ"’—% Gu(w 2]
i (31b)

+32[Fk(uf)—+ G (W) aa_y]} dx dy

—j S [Fe (W), + G (W)n, 1 dr
00

P
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where

2a

and ) is the domain of integration of (30).

According to Lerat and Peyret’s one dimensional study, we chose the optimal length of the
first step:

a=1+ >

some experiments with Burgers’ equation showed that this choice is advantageous, even for
the computation of stationary shocks.

Numerical integration is necessary to compute the nonlinear terms:

(a) A rough quadrature is possible for the boundary integral in (31a) because it will be

multiplied by At? in the resulting scheme.

(b) A finer quadrature, exact for P, integrands, is used for integrals with stars in (31b).

The last integral of (31b) (boundary fluxes) is not time centred for simplicity; this is only
first-order accurate in time; actually second-order spatial accuracy is conserved for steady
state simulations. A slightly more expensive variant with a boundary predictor and time
centred boundary fluxes has been experimented with, but this brought no noticeable
improvements.

Finally, simplified Lapidus type artificial viscosity terms are added for shock resolution,
which is a discretization of

Eral
X 2 ox

with the classical choice x =0-8.

aW,
ax

W1, A5 a7 oWy oW}
ax 2 oylLi oy | ay

Numerical experiments

For transonic simulations, we had to construct inflow and outflow boundary conditions;
several extrapolation procedures have been experimented with which failed to give a steady
solution for non-regular meshes.

Convergence has been obtained with the use of the following upwind scheme for boundary
triangles:

For any triangle T such that one vertex at least is inflow or outflow, fluxes between two
vertices i and j are computed as integrals along segment CI;; of functions Fn, + Gn, (Figure
8) where C is the centroid of triangle T and I; the middle point of segment C;;.

i Iy
Figure 8. Control volume type flux computation for boundary triangles
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Figure 9. GAMM channel with a circular bump, isomach lines (Richtmyer scheme)

Then two cases are considered for the integration of Fn, + Gn,:

(i) First case: neither i nor j is on the inflow or outflow boundary: the flux through CI; is
computed without using the values of dependant variables at the third vertex.

(i) Second case: vertex i is inflow (resp. outflow) and j is interior (or vice versa): if i is
inflow, then it is upstream and j is downstream:; if i is outflow, it is downstream and j is
upstream; following Lerat and Sides,'® fluxes are computed by using upstream values
of the entropy deviation S

the enthalpy
YP
H=—"—
(1-v)p

and the direction of the flow, and using the downstream value of the pressure p.
Summing up, all the four condition at infinity are imposed on inflow and outflow vertices,
but only the convenient quantities (three inflow and one outflow) are taken into account by
the upwind boundary scheme.

+3(u?+v?)

GAMM channel with circular bump. The physical conditions are defined above and the
triangulation is the same with 72 x21 vertices ( = degrees of freedom for each variable).

In the results presented, for the sake of saving cpu time we used a global Courant number
and forced the enthalpy

I
= i+ v?)
y=1p
to have its value at infinity.

We present in Figures 9-11 the isomach and isentropic lines and the entropy deviation
distributions on the bottom.

Figure 10. GAMM channel with circular bump; isentropic lines (increment AS = 0-001) (Richtmyer scheme)
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Figure 11. GAMM channel with circular bump; entropy distribution on the bottom (Richtmyer scheme)

-1.0 A Ko

n

0.0
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Figure 12. GAMM flow in a channel; comparison of K, distributions for (1) the one step upwind method, (2) the
Flic method, (3) the Richtmyer scheme

—‘lQ_j_ Kp
Sides—|erat -+ o4 4 o
Richtmyer—Galerkin —gA-g-g-8-
(presented method)
0.0
! >
0.5

+

Figure 13. GAMM flow in a channel; comparison of K, distribution for (1) the Richtmyer scheme and (2) a
MacCormack-type scheme by Lerat and Sides*
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LERAT-SIDES upper wall -
lower wall +++
s PRESENTED METHOD ee=

Figure 14. GAMM test with a coarse (151 vertices) triangulation: comparison of K, distribution of Richtmyer
scheme with Lerat and Sides4

With an artificial viscosity coefficient equal to 1, some oscillations remain before and after
the shock. Results are in good agreement (see Figure 13) with simulations presented by
Lerat and Sides,'*'* and especially with computations with Lerat’s seven point optimal S§
scheme (see Reference 9, p. 97, Figure 9b) as could be expected since the scheme presented
in this section is quite similar to the latter finite difference scheme. To observe convergence
with respect to mesh spacing, a coarser triangulation with only 11 nodes along the bump
(instead of 41) has been used: a still good agreement is observed, except for the shock
capturing, (see Figure 14).

CONCLUSION

Several explicit schemes for arbitrary finite element triangulations have been presented to
solve Euler equations.

The first-order scheme with convective-type upwinding for F.E.M. is very easy to use.
Stationary simulations show shocks captured without oscillations. This scheme is rapidly
convergent but quite diffusive.

The second-order Richtmyer scheme is as accurate as several others second order
schemes. Thanks to the presence of nodes on the boundaries, extrapolations are needed
neither for computation nor for results along the profile. Lerat-type implicit extension (see
Reference 9, Chap. 6) is possible.

Several ameliorations are presently studied, such as more sophisticated boundary condi-
tions and artificial viscosity, and higher order F.E.M.
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